Complex Interferometry: How Far Can You Go?  by Kalal, Milan
  Physics Procedia  62 ( 2015 )  92 – 96 
Available online at www.sciencedirect.com
1875-3892 © 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the ENEA Fusion Technical Unit
doi: 10.1016/j.phpro.2015.02.016 
ScienceDirect
3rd International Conference Frontiers in Diagnostic Technologies, ICFDT3 2013
Complex Interferometry: how far can you go?
Milan Kalal∗
Faculty of Nuclear Sciences and Physical Engineering, Czech Technical University in Prague
Brehova 7, 115 19 Prague 1, Czech Republic
Abstract
Classical interferometry is one of the key methods in laser-produced plasma diagnostics. Its more advanced version, which allows
recording and subsequent reconstruction of up to three sets of data using just one data object - a complex interferogram – was
developed in the past and became known as complex interferometry. Employing this diagnostics, not only the usual phase shift,
but also the amplitude of the probing beam as well as the fringe contrast (leading directly to the phase shift time derivative) can be
reconstructed simultaneously from such a complex interferogram. In this paper attention will be paid to the analysis of practical
limits of this diagnostics in its application for the reconstruction of all three above mentioned quantities taking advantage of the
corresponding reference interferogram availability. It will be shown that even in the case of a not particularly high diagnostic beam
quality these quantities can be reconstructed with a surprisingly good accuracy provided both the diagnostic beam as well as the
corresponding optical line maintain reasonable stability between the signal and the reference shots.
c© 2014 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the ENEA Fusion Technical Unit.
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1. Introduction
Classical interferometry belongs to the key diagnostics of optically transparent objects (e.g., laser-produced plas-
mas). By analyzing classical interferograms one can obtain information about the phase shift between the probing
and the reference part of the diagnostic beam. There are various ways how to perform such analysis. In this paper
we shall concentrate solely on the usage of the fast Fourier transform (FFT), originally proposed for this purpose in
its one-dimensional version by Takeda [1] and subsequently extended for two dimensions by Nugent [2], as it paved
the way to a more advanced interferogram usability, which allows recording and subsequent reconstruction of up to
three sets of independent data from just one data object - a complex interferogram. This technique became known
as the complex interferometry (CI). Using CI approach, not only the usual phase shift but also the amplitude and the
fringe contrast (leading directly to the phase shift time derivative) can be recorded simultaneously and subsequently
analyzed.
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Fig. 1. Example of the very ﬁrst experimentally-obtained complex interferogram (M. Kalal and B. Luther-Davies, 1986, ANU, Canberra, Australia).
The original idea of CI technique dates back to measurements of magnetic ﬁelds spontaneously generated in laser-
produced plasmas [3]. This approach provided results with spatial resolutions far superior to those of any similar
experiments performed to that time [4]. One example of the very ﬁrst dedicated complex interferogram ever recorded
during these experiments is provided for illustration (Fig. 1). A more detailed historic overview of circumstances
leading to the birth of CI is also available [5].
In this paper an important extension to CI will be presented in which one additional - reference (i.e., signal-free) -
interferogram will be employed together with the main complex interferogram. Using this approach even in the case
of a not particularly high diagnostic beam quality all three quantities can be reconstructed with a very good accuracy
provided both the diagnostic beam as well as the corresponding optical line maintain reasonable stability between the
signal and the reference shots.
2. Complex interferometry employing a reference interferogram
A full mathematical description of CI basics can be found in [6] and [7]. However, as these particular publications
might be somewhat diﬃcult to acquire, one can also look into the easier ones to obtain ([3] and [4]). In particular the
latter of these two contains all the necessary details (but without the CI terminology, which started to be used only
later on). In order to brieﬂy recall CI fundamentals (to be able to built upon with further extensions) let us start with
the basic set of formulae. First of all it would be the form of intensity of an interference ﬁeld falling in the time t on
the point (y, z) of the detector:
i(y, z, t) = a2r (y, z, t) f (t) + a
2
p(y, z, t) f (t) +
+2ar(y, z, t)ap(y, z, t) cos[2π(ω0y + ν0z) + ϕ(y, z, t)] f (t) . (1)
Here ϕ(y, z, t) represents the phase shift between the probing and the reference parts of the diagnostic beam; ap(y, z, t)
is the amplitude of the probe; ar(y, z, t) is the amplitude of the reference (in this CI extension it will be assumed that
even the reference part of the diagnostic beam can have its spatial as well as temporal structure); ω0 and ν0 are the
spatial frequencies in the y (horizontal) and z (vertical) direction, respectively. f (t) represents a temporal proﬁle of
the diagnostic beam intensity and it is normalized to satisfy the following criteria:
∫ +∞
−∞
f (t)dt = 1; f (t) ≥ 0 . (2)
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The total superimposed form of the interference ﬁeld in the (y, z) plane of the detector will be a time integral over the
diagnostic beam duration which can be extended to inﬁnity on both sides of the time interval (as outside of the pulse
duration f (t) = 0):
i(y, z) =
∫ +∞
−∞
i(y, z, t)dt . (3)
The values i(y, z) represent the structural information to be processed. It should be noted, however, that these struc-
tures might diﬀer from the recorded ones depending on the response of the detector in use. This is very true, e.g.,
when a ﬁlm would be employed as a recording medium (with a subsequent digitization). In case of CCD detectors
(and working below their saturation limits) this eﬀect can be usually regarded as insigniﬁcant (a simple multiplicative
constant having no real inﬂuence on the recorded data structure).
As in the case of the amplitude only the ratio between the probe and the reference values becomes important, the
actual intensity of the diagnostic beam does not make any diﬀerence. Provided, of course, that the signal remains
detectable (the low intensity case) and the diagnostic beam will not modify the object under observation (the high
intensity case). Therefore, let us deﬁne this ratio by a new function r(y, z, t):
r(y, z, t) =
ap(y, z, t)
ar(y, z, t)
. (4)
From the integral formula (3) it becomes obvious that there is no way how to reconstruct the original instantaneous
values ϕ(y, z, t) and r(y, z, t) for every value of t. Instead, an already applied approach of the Taylor expansion of these
quantities in time [4] can be used (it can be shown that only the phase shift changes will play a signiﬁcant role):
ϕ(y, z, t) = ϕ(y, z) + tϕ
′
(y, z) . (5)
This approach is equivalent to the expectation of the linear phase shift increase during the diagnostic pulse duration τ.
This requirements can be always satisﬁed by taking τ suﬃciently short. Also, for the purpose of a correct phase shift
reconstruction, it is important to make sure that the maximal change of the phase shift during the diagnostic pulse
duration will not exceed 2π (thus less than one fringe):
τϕ
′
max(y, z) < 2π. (6)
As a result the values corresponding to the center of gravity of the diagnostic beam (deﬁning the time t = 0), i.e.,
ϕ(y, z) = ϕ(y, z, 0) and r(y, z) = r(y, z, 0), can be obtained together with the so-called q(y, z)-function, providing
information about the phase shift time derivative ϕ
′
(y, z) = ϕ
′
(y, z, 0):
q(y, z) =
∫ +∞
−∞
f (t) exp[itϕ
′
(y, z)]dt . (7)
For a symmetric diagnostic beam proﬁle f (t) this q-function represents a modifying function with a value numerically
0 ≤ q(y, z) ≤ 1. In which case it becomes a monotonically decreasing function of ϕ′ (y, z), thus allowing for the
ϕ
′
(y, z) reconstruction either analytically (in the case of the shape of the diagnostic pulse which could be expressed
analytically, e.g., as a Gaussian) or numerically (at ﬁrst a conversion table would need to be calculated for a set of
values). The reconstructed ϕ
′
(y, z) can be further employed, e.g., for determining of the plasma expansion velocity v
through the formula:
ϕ
′
(y, z) = v · ∇ϕ(y, z) . (8)
Or, more precisely, after the Abel inversion of ϕ(y, z) and ϕ
′
(y, z) [8]:
n
′
(y, z) = v · ∇n(y, z) , (9)
where n(y, z) denotes the plasma density and n
′
(y, z) its time derivative (both taken in time t = 0).
In order to obtain all three fundamental quantities, i.e., ϕ(y, z), r(y, z), and q(y, z), two speciﬁc functions available
from the Fourier space corresponding to a given complex interferogram need to be employed: v(y, z) (visibility - from
the side lobe) and b(y, z) (background - from the central lobe):
v(y, z) = ap(y, z)ar(y, z)q(y, z) exp[iϕ(y, z)] , (10)
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b(y, z) = ap(y, z)2 + ar(y, z)2 . (11)
In the cited literature so far only the individual complex interferograms (already containing some signal) had been
considered for processing. Having no corresponding reference interferogram (signal-free) counterpart. Under such
circumstances, however, a reliable reconstruction of the three fundamental functions ϕ(y, z), r(y, z), and q(y, z) was
possible only assuming a good quality of the diagnostic beam as well as an interferometer setup (optical alignment of
its lenses). Also, the corresponding complex interferograms needed to contain some signal-free parts (for normaliza-
tion). However, such requirements are, in practice, rarely fulﬁlled to the full extent.
In the past, there was a good reason for this (limited) approach, though, as in majority of cases the diagnostic
beam was derived from the main laser beam (usually with a subsequent conversion to a higher harmonic) to keep the
jitter between these two beams at its minimum. Under such circumstances, however, ﬁring a signal-free shot was not
regarded as economical. Also, the time delay between two such shots (with the high energy level) would be rather
long (tens of minutes), thus not very stable from shot to shot. And using CW alignment laser as a substitute was
far from satisfactory for CI requirements. Only recently, after solving the problem of mutual synchronization, major
laser installations (e.g, Prague Asterix Laser System - PALS) started to employ fully independent diagnostic beams
(usually Ti:Sa) capable of ﬁring the reference shot with a minimum delay. Which opened the door to manifest a full
CI potential.
Let us now assume that besides the complex interferogram itself there is also a corresponding reference interfero-
gram available for processing. Using Eqs (10) and (11) for both interferograms independently it is easy to arrive to
the following set of formulae for the three fundamental quantities:
ϕp(y, z) = 	
[
ln
v(y, z)
v0(y, z)
]
, (12)
rp(y, z) =
√
2
p
b(y, z)
b0(y, z)
− 1 , (13)
qp(y, z) =
1
p
∣∣∣∣∣ v(y, z)v0(y, z)
∣∣∣∣∣
[
2
p
b(y, z)
b0(y, z)
− 1
]−1/2
. (14)
Here the visibility and background functions denoted with a lower index 0 correspond to the values reconstructed
from the reference interferogram. In order to account for a possible diagnostic beam intensity variations between the
two shots, a parameter p was introduced as the ratio between the corresponding energy values of the signal and the
reference diagnostic beam.
The ϕp(y, z) function is the pure phase shift, free of any systematic errors due to the alignment of the interferometer
and imperfections in shifting of the sidelobe to the center of the Fourier space (as no such shifting is necessary). The
rp(y, z) function is a pure eﬀect on the amplitude of the probing beam from the object under observation (regardless of
the quality of the diagnostic beam, assuming its good shot-to-shot stability). For even better results in the amplitude
reconstruction a hanning function should be applied to both interferograms. Examples of this technology application
on the phase shift reconstruction can be found in [9].
It should be noted that in the case of a certain degree of asymmetry of the diagnostic pulse f (t) a systematic error
ϕse(y, z) will occur for the phase shift reconstruction through the imaginary part qi of the q-function. However, this
systematic error would be, in majority of cases, rather insigniﬁcant as its source lies in the integral:∫ +∞
−∞
f (t) sin[tϕ
′
(y, z)]dt , (15)
where only the antisymmetric portion of the f (t) will have its contribution, having zero value for t = 0 (similarly to
sin[tϕ
′
(y, z)]). Therefore qi will be, under normal circumstances, much smaller than its real counterpart qr determined
by the cos[tϕ
′
(y, z)]) component in (7).
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